The prospective Higgs factories, exemplified by ILC, FCC-ee and CEPC, plan to conduct the precision Higgs measurements at the e + e − center-of-mass energy around 250 GeV. The cross sections for the dominant Higgs production channel, the Higgsstrahlung process, can be measured to a (sub-) percent accuracy. Merely incorporating the well-known next-to-leading order (NLO) electroweak corrections appears far from sufficient to match the unprecedented experimental precision. In this work, we make an important advancement toward this direction by investigating the mixed electroweak-QCD corrections to e + e − → HZ at next-to-next-to-leading order (NNLO) for both unpolarized and polarized Z boson. The corrections turn out to reach one percent level of the Born-order results, thereby must be incorporated in the future confrontation with the data.
(Dated: August 15, 2017) The prospective Higgs factories, exemplified by ILC, FCC-ee and CEPC, plan to conduct the precision Higgs measurements at the e + e − center-of-mass energy around 250 GeV. The cross sections for the dominant Higgs production channel, the Higgsstrahlung process, can be measured to a (sub-) percent accuracy. Merely incorporating the well-known next-to-leading order (NLO) electroweak corrections appears far from sufficient to match the unprecedented experimental precision. In this work, we make an important advancement toward this direction by investigating the mixed electroweak-QCD corrections to e + e − → HZ at next-to-next-to-leading order (NNLO) for both unpolarized and polarized Z boson. The corrections turn out to reach one percent level of the Born-order results, thereby must be incorporated in the future confrontation with the data. Introduction. The ground-breaking discovery of the 125 GeV boson at CERN Large Hadron Collider (LHC) in 2012 has opened a new era in particle physics [1, 2] . It is of the highest priority to scrutinize the property of this Higgs-like boson, in order to penetrate into the mechanism of electroweak symmetry breaking, and to seek the footprint of new physics. In contrast to the enormous backgrounds at LHC, the clean environment renders the e + e − collider to be a much more appealing option to conduct precision Higgs measurements.
Recently, three next-generation e + e − colliders have been proposed to serve as Higgs factory: International Linear Collider (ILC) [3, 4] , Future Circular Collider (FCC-ee) [5] , and Circular Electron-Positron Collider (CEPC) [6, 7] . All of them intend to operate at centerof-mass (CM) energy within the 240 ∼ 250 GeV range, and plan to accumulate about 10 5 − 10 6 Higgs boson events. Around such energy, the Higgsstrahlung process, e + e − → HZ, becomes the dominant Higgs production channel, much more important than the W W/ZZ-fusion processes, and the recoil mass technique can be applied to precisely measure the HZ event yield and the Higgs boson mass. Consequently, σ(e + e − → HZ) is anticipated * qfsun@mail.ustc.edu.cn † F.Feng@outlook.com ‡ jiay@ihep.ac.cn § wlsang@ihep.ac.cn to be measured to an exquisite accuracy, e.g., 1.2% at ILC, 0.5% at CEPC, and 0.4% at FCC-ee. Moreover, various Higgs couplings, exemplified by H → gg, cc, can also be precisely measured at Higgs factory, otherwise very difficult to access at LHC. Furthermore, it has also been recently suggested that the σ(HZ) could serve as a sensitive probe for various new physics scenarios [8] [9] [10] [11] [12] [13] .
Needless to say, in order to confidently interpret the future experimental measurements, one must develop a comprehensive knowledge on the Standard Model (SM) predictions to the Higgsstrahlung process. The leading order (LO) prediction to this process was known long ago [14] [15] [16] . The NLO electroweak corrections have also been available for a while, independently addressed by three groups [17] [18] [19] . For a light Higgs boson and at Higgs factory energies, the NLO weak corrections can reach a few percent level, thereby must be incorporated in phenomenological analysis.
To match the projected sub-percent accuracy of the cross section measurements at CEPC and FCC-ee, it seems compulsory to incorporate even higher order corrections. The next most important corrections are the O(α 2 ) electroweak corrections and the mixed electroweak-QCD O(αα s ) corrections. While the former is exceedingly challenging to compute, the latter is much more tractable and may be more significant in magnitude owing to the occurrence of the QCD coupling constant. It is the very goal of this work to comprehensively investigate the O(αα s ) corrections to the Higgsstrahlung process at Higgs factory.
LO
QED corr. Leading-order results. By safely neglecting the electron mass owing to its exceedingly tiny Yukawa coupling, there is only a single s-channel Feynman diagram for the LO Higgsstrahlung process, as depicted in Fig. 1 . In the CM frame, the amplitude for e (1) where P ± = represents the helicity of the incoming electron or positron (often we use the shorthand σ = ± for brevity). To warrant a nonvanishing amplitude, the positron must carry the opposite helicity with respect to the electron. We follow the conventions in [20] [19] .
For simplicity, we will consider the unpolarized e + (e − ) beams, which is the case for CEPC and FCC-ee. The LO differential cross section for polarized Z then reads
with θ being the angle between p Z and k 1 in the CM frame, β = 2|pZ| √ s
. Upon angular integration, the LO integrated cross section for polarized Z reads:
The total unpolarized cross section
±1 . In the high energy limit, the cross section for producing longitudinally-polarized Z (∝ 1/s) dominates the one associated with the transversely-
The outline of calculation for radiative corrections. As far as the O(α) + O(αα s ) corrections are concerned, the higher-order diagrams can be grouped into several distinct topologies as shown in Fig. 1 and Fig. 2 . It is conventional to separate the O(α) corrections into the electromagnetic and weak corrections in a gaugeinvariant manner. The NLO QED corrections as shown in Fig. 1 are usually encoded in the so-called Initial State Radiation (ISR) effect, which has been well-understood and implemented in Monte Carlo event generators. A recent study using the package WHIZARD [21] reveals that, including the ISR effect reduces the Born order σ(HZ) at √ s = 250 GeV by 10% [22] . A more careful analysis of the ISR effect for this process will be presented elsewhere.
The O(α) and O(αα s ) corrections to the amplitude can be decomposed as follows:
as can be recognized from Fig. 1 . The first two terms corresponding to the eeH vertex corrections and box diagrams are UV-finite at O(α). The amplitude arising from the eeZ vertex corrections can be written as δM
eeZ , where the oneloop expression of the renormalized vertex form factor Γ σ eeZ is given in [19] . The amplitude also receives corrections from both ZZ and mixed γZ self-energies:
whereΣ T implies the renormalized transverse part of the gauge boson self-energy.
The amplitudes involving the V ZH(V = γ, Z) vertex corrections are
By Lorentz covariance, the vertex tensorT µν V ZH can be decomposed aŝ
where . Among all form factors, only T 5 is subject to renormalization, and the O(α) counterterms for the V ZH (V = Z, γ) coupling can be found in [23] . Beyond LO, the form factors T i (i = 1, · · · , 5) do not vanish in general. Nevertheless, due to Furry theorem, T 6 = 0 for both ZZH and γZH vertex corrections through O(αα s ). Owing to the current conservation for massless electron, only T 4,5 contribute to the differential cross sections.
Some care should be exercised on the charge renormalization constant Z e . In the so-called α(0) scheme, where the α is assuming its Thomson-limit value, δZ e can be expressed as δZ e | α(0) =
. The first term in δZ e | α(0) is sensitive to the hadronic contribution, thereby an intrinsic non-perturbative quantity. The hadronic contributions are often absorbed into a non-perturbative parameter, ∆α (5) had (M Z ), which can be extracted from the measured R values in low-energy e + e − experiments [24] . Equivalently, one can rewrite δZ e in α(0) scheme as δZ e α(0) = 1 2 ∆α
where
is the photon vacuum polarization from five massless quarks at momentum transfer M 2 Z , and Π γγ rem (0) represents the vacuum polarization from W boson, charged leptons and top quark at zero momentum transfer. Note these terms can be computed order by order in perturbation theory. Throughout this work, we only retain the top quark mass and treat the remaining five quarks massless (The effect of finite m b will be mentioned afterwards).
Two other popular parameterization schemes are the so-called α(M Z ) and G µ schemes. The corresponding charge renormalization constant can be converted from the α(0) scheme by δZ e α(MZ ) = δZ e α(0)
, and the expression for the oblique parameter ∆r can be found in [23] . The fine-structure constant can in turn be replaced with
in the α(M Z ) and G µ schemes, respectively. In contrast to the α(0) scheme, these two schemes effectively resum some universal large (non-)logarithms arising from the light fermions and top quark.
The O(αα n s ) corrections to the differential cross section read
where n = 0, 1 represent the O(α) and O(αα s ) corrections, respectively. For the actual calculation, we work in Feynman gauge and adopt the dimensional regularization to regularize the UV divergences. The Feynman diagrams and corresponding amplitudes are generated by FeynArts [25] . The packages FeynCalc/FormLink [26, 27] are employed to carry out the trace over Dirac and color matrices, and the packages Apart [28] and FIRE [29] are utilized to perform partial fraction together with integration-by-parts (IBP) reduction. We then combine FIESTA/CubPack [30, 31] to perform sector decomposition and subsequent numerical integrations for Master Integrals (MI) with quadruple precision.
Next-to-leading order results. First we revisit the NLO weak corrections for the Higgsstrahlung process, in line with (4) and (10) . We have worked out the bare NLO amplitude analytically and also employed LoopTools [32] for an independent cross-check. After implementing various one-loop counterterms analytically recorded in [23] , we have compared our UV-finite NLO predictions with numerous differential and integrated cross sections enumerated in [19] , and found gross agreement. We have also compared our integrated NLO cross sections with those high-precision predictions tabulated in [33] , which utilized the automatic package GRACE-loop. Reassuringly, for a variety of input values of √ s and M H , we always found better-than-per-mille agreement.
Mixed electroweak-QCD two-loop corrections.
At O(αα s ), a simplifying pattern arises, i.e., the box diagrams and eeH vertex are immune to gluonic dressing, and only those two-loop diagrams of s-channel topology in Fig. 1 survive. Concretely, the mixed electroweak-QCD 2-loop corrections to the amplitude are expressed as the last four terms in (4):
As shown in Fig. 2 , QCD renormalization is fulfilled by merely inserting the top quark mass counterterm, δm t , into the internal top quark propagator, as well as into the Htt vertex. We take δm t from [34] :
, (11) with the spacetime dimensions d = 4 − 2ǫ. For the δM σ,λ(ααs) S.E.
in (5), one can transplant the analytic O(αα s ) expressions of the gauge boson/Higgs selfenergies from [34] [35] [36] , and deduce the O(αα s ) corrections to the renormalization constants δZ e , δZ γZ , δZ Zγ , δZ ZZ , δZ H , δM 
The values enumerated in (12) can be converted into the G µ -scheme by subtracting 1 2 ∆r (ααs) = ααs π 2 × (+22.49), which then agree with [37] when adjusting the input parameters accordingly.
The real challenge is to compute the mixed electroweak-QCD corrections to V ZH vertex in (6) . After IBP reduction, we end up with 47 MIs associated with the bare two-loop diagrams, most of which involve four distinct scales. Fortunately, at √ s ∼ 250 GeV, with the aid of CubPack [31] , we can readily obtain very accurate results for all scalar form factors T i (i = 1, · · · , 5) in (7) .
Ward identity for the γZH vertex demands sT 1 + k · p Z T 4 + T 5 = 0. We have numerically verified this relation to an extraordinary precision at O(αα s ).
Piecing together all the O(αα s ) ingredients, we obtain the differential (un)polarized cross section following (10) . It is convenient to split the integrated (un)polarized cross sections into
For simplicity, we have combined the corrections originating from the eeZ vertex, ZZ self-energy and from the ZZH vertex together, dubbed σ
is constructed by merging the corrections from the γZ self-energy and from the γZH vertex.
Phenomenology. We will take √ s = 240, 250 GeV as two benchmark energy points at Higgs factory. We adopt the following values for the input parameters [24] : 
had (M Z ) = 0.02764 and α(M Z ) = 1/128.943 in the α(M Z ) scheme. We take α s (M Z ) = 0.1185 as the initial value of the QCD running coupling and α s (µ) is evaluated with package RunDec [38] . Table I lists our LO, NLO, and NNLO predictions to the integrated (un)polarized Higgsstrahlung cross sections in the α(0) scheme. While the unpolarized cross sections at √ s = 240, 250 GeV are quite close in magnitude, σ L (σ T ) are slightly bigger(smaller) in the case of the higher energy. The NLO weak corrections increase the σ (0) by 3.0%(2.7%) at √ s = 240(250) GeV. The NNLO electroweak-QCD corrections turn out to be sizable, about 1.1% of the LO cross section for both CM energies.
One interesting feature can be recognized from Table I , the σ (ααs) λ,γ in (13) turns out to be much suppressed. This is compatible with the tiny O(αα s ) corrections to H → Zγ found in [39] [40] [41] .
In Table II we provide our LO, NLO, NNLO predictions for the unpolarized Higgsstrahlung cross sections in the three input schemes together with the parametric uncertainty (first entry) and the QCD renormalization scale uncertainty (second entry). To assess the parametric uncertainty, we vary the values of M W and m t , ∆α (5) had (M Z ) within the PDG-quoted 1 − σ error bands. For the QCD scale uncertainty, we vary the the renormalization scale µ in α s from M Z to √ s. While the parametric and scale uncertainties of the NNLO predictions in the α(0) and α(M Z ) schemes are at the level of 0.3% and 0.4% of the NNLO result, respectively, they are considerably reduced in the G µ scheme (≈ 0.04%). We also find that in the G µ scheme the NNLO electroweak-QCD corrections only amount to 0.3% of σ (0) , which is due to the fact in addition to the running of α, universal corrections to the ρ parameter are also absorbed into the LO cross section. As can also be seen in Table II , the sensitivity to the choice of input scheme is reduced at NNLO compared to NLO. To further reduce the input scheme dependence, one may have to include the two-loop electroweak corrections as well.
In Fig. 3 we show the angular distribution of (un-)polarized Z boson in HZ production at a Higgs factory CM energy of 240 GeV at various levels of accuracy.
In our calculation, we neglected all quark masses except the top quark mass, and thus the b quark does not contribute to the V HZ vertex diagram. To access the validity of this approximation, we re-did our NLO and NNLO calculations by retaining m b = 4.66 GeV. Due to the occurrence of the hierarchy m b ≪ √ s ∼ M H ∼ M Z , this turns out to be a rather challenging calculation. We find that, keeping finite m b reduces the NLO cross section at √ s = 250 GeV by 0.05 fb, and reduces the final NNLO prediction by roughly 0.01 fb in the α(0) scheme. This small impact of a finite bottom quark mass is completely overwhelmed by the uncertainties listed in Table II . Summary and Outlook. Stimulated by the anticipated exquisite accuracy of the σ(HZ) measurements in the next-generation e + e − Higgs factory, for the first time we calculated the mixed electroweak-QCD O(αα s ) corrections for the Higgsstrahlung process. It is found that this mixed electroweak-QCD corrections are quite sizable, about 1.1% of the LO result in α(0) and α(M Z ) schemes, well above the projected experimental (sub-)percent accuracy for the σ(ZH) measurement. In the G µ scheme, we find that the NNLO electroweak-QCD corrections amount to 0.3% of the LO result. A comprehensive study of parametric and QCD scale uncertainties exhibits large uncertainties in the NNLO electroweak-QCD predictions in the α(0) and α(M Z ) schemes, which however are considerably reduced in the G µ scheme. It is important to note that to make closer contact with the actual experimental measurement, it is also useful to conduct a careful analysis on the ISR effects, as well as to study the process e + e − → µ + µ − + H by including the effect of finite Z width.
Note added. After this work was submitted, there also appeared an independent computation on mixed electroweak-QCD corrections to Higgsstrahlung pro- Table II and the three different input schemes.
cess [42] . Feynman diagrams in this paper were prepared using JaxoDraw [43, 44] .
